In this paper, we briefly review the holographic dark energy model and introduce the idea that dark energy is a kind of thermal energy related to the quantum entanglement of the vacuum across a cosmic future event horizon. The holographic dark energy model comes from a theoretical attempt to apply the holographic principle to the dark energy problem and follows the idea that the short distance cut-off or ultraviolet (UV) cut-off is related to the long distance cut-off or infrared (IR) cut-off. The IR cut-off relevant to dark energy is the size of the future event horizon. This model gives a holographic dark energy comparable to the observational data. Though this model is in good agreement with observational data, some problems (non-locality, circular logic, causality problem, etc.) exist due to the use of the future event horizon as a present IR cut-off. These problems of the holographic dark energy model are considerably resolved using action principle and equations of motion. Finally, we discuss the relation between quantum entanglement and dark energy which is connected to the more fundamental relation between entanglement and gravity. * jjlee@daejin.ac.kr 2
I. INTRODUCTION
The dark energy has become one of the longstanding important central problems in modern cosmology and theoretical physics ever since the discovery of the accelerating expansion of the Universe in 1998 [1, 2] . Evidence exists from Type Ia supernova (SN Ia) observations [1] that the universe is expanding at an accelerating rate, which implies the existence of dark energy having negative pressure p Λ and density ρ Λ satisfying the equation of state ω Λ ≡ p Λ /ρ Λ < −1/3. Many dark energy models, such as the quintessence [3] [4] [5] , k-essence [6] [7] [8] [9] [10] , phantom [11] , Chaplygin gas [12] and tachyon field [13] [14] [15] [16] [17] models have been suggested; however, these models usually require a fine-tuning of parameters or unnatural properties of matter to explain the observed data [18] . The simplest candidate for dark energy is the cosmological constant with the equation of state ω Λ = −1, which has a theoretical value that is too large to be the observed dark energy [19] .
The current observation favor the ΛCDM model as the cosmological model. The ΛCDM model consists of a cosmological constant Λ as the origin of dark energy and a cold dark matter giving rise to galaxies and the large scale structure of the universe. Although the ΛCDM model is favored by observation, it suffers from two cosmological constant problems [19, 20] : (1) Why is the observed value so small? (2) Why is its value now on the order of the present matter density? To solve these problems, numerous models of dark energy have been proposed over the last two decades [19, [21] [22] [23] [24] [25] [26] [27] . However, the nature of dark energy still remains a deep mystery. We believe that the dark energy problem is essentially an issue of quantum gravity. Only a full understanding of quantum gravity through a well-established quantum theory can solve the dark energy problem. The most fundamental principle of quantum gravity is thought to be the holographic principle, which may play an essential role in solving the dark energy problems.
A. Cohen et al. [28] suggested that in the effective quantum field theory, a long-distance infrared (IR) cut-off is related to a short-distance ultraviolet (UV) cut-off due to the bound of energy in a region of size L by the formation of a black hole of the same size L, which is inspired by the existence of the limited bound for the total entropy S of the system of the same size L in blackhole thermodynamics [29, 30] . These interrelations between the UV cut-off and the IR cut-off are called UV/IR mixing, which may be demonstrated explicitly in noncommutative field theory [31] and, in particular, in emergent quantum gravity [32, 33] . In 2004, by applying the holographic principle to dark energy, based on the idea of Cohen et al. [28] , Li [34] suggested the holographic dark energy model in which the IR cut-off is chosen as the size of the future event horizon of the Universe. The holographic dark energy can drive the accelerating expansion of the Universe and is in good agreement with the present cosmological observational data [35] . Thus, the holographic dark energy has now become one of the most competitive candidates for dark energy [36] .
However, the above approach brings about some criticisms due to the use of the future event horizon as the present IR cut-off. These criticisms are summarized as the causality problem, circular logic problem and non-locality problem. The causality problem occurs due to the fact that the evolution of the Universe depends on the future information for the Universe because the future even horizon is defined on the future information of the Universe. The circular logic problem states that the future event horizon exists only in accelerating universe. In addition, the equations of motion become non-local because the future event horizon is defined globally. Fortunately, these problems are resolved with the action principle [37] and the equation of motion including the initial value [38] . In Ref. 37 , by introducing two new fields in the action, holographic dark energy is shown to obey the causality because the future event horizon as a present cut-off is not an input but is automatically determined by the present cut-off from the equations of motion. However, there unsatisfactory points still remain because the action is not written in a general covariant form. Complete resolutions of these problems might be expected for a complete quantum gravity theory.
In the recent decade, the holographic paradigm of dark energy has been widely studied, and many theoretical models including action principle [37] , such as entanglement entropy [39] , holographic gas [40] , Casimir energy [41] [42] [43] [44] [45] [46] , and entropic force [47, 48] , have been proposed to theoretically explain the origin of holographic dark energy. In particular, that links exist between gravity and quantum information (quantum entanglement, especially) [49] or, more specifically, between dark energy and the quantum entanglement of the vacuum of the Universe is very interesting [50] .
Quantum entanglement [51] is a physical resource for the quantum key distribution and quantum computing and is an order parameter for certain condensed matter [52] . Recently, interest in quantum entanglement in the theoretical physics community has been growing [53] [54] [55] . For example, entanglement was proposed to be the source of gravity [56] [57] [58] and spacetime [59] . Before these works, studies on the role of entanglement in cosmology had been published. (See Refs. [60, 61] for a review.) Those works usually focused on entanglement generation during inflation [62] .
In this paper, we review briefly the dynamics of dark energy and describe the properties of the holographic dark energy model. In particular, we explain the idea linking holographic dark energy with vacuum entanglement [50] . The holographic dark energy model is based on the holographic principle proposed by 't Hooft and Susskind [63, 64] and may solve the cosmological constant problem. A fundamental connection between gravity and quantum information (quantum entanglement, especially) has been proposed in a series of works [50, 56, [65] [66] [67] . For example, the Einstein equation for gravity was suggested to be equal to the entanglement first law by considering quantum entanglement entropy of local Rindler horizons based on Jacobson's idea linking the Einstein equation to the first law of thermodynamics [56, 67] .
In Section II, we briefly introduce the basic knowledge of modern cosmology, such as the Friedmann-LemaitreRobertson-Walker (FLRW) cosmology, and the dynamics of dark energy. Section III is devoted to a discussion of the properties of and the problems in holographic dark energy. In Section IV, we analyze the causality problems in holographic dark energy in detail. In Section V, we describe the idea linking quantum entanglement to holographic dark energy. Section V contains conclusions and discussions. Throughout the review, we use natural units c = = 1 and a metric signature (−, +, +, +).
II. MODERN COSMOLOGY AND DARK ENERGY
In this section, we will give a brief introduction to the theoretical base of modern cosmology and dark energy.
FLRW cosmology
Modern cosmology is based on two fundamentals. The first is Einstein's equations which describe the dynamics of the universe:
where G µν , R µν , g µν and R represent the Einstein tensor, the Ricci tensor, the metric tensor, and the Ricci scalar, respectively, T µν is the energy-momentum tensor, and G denotes the universal gravitational constant. Let us consider an ideal perfect fluid as the source for the energy-momentum tensor T µν . In this case, the energy-momentum tensor is given by
Here, ρ is the total energy density, p is the pressure density of the fluid, and u µ is the fluid four velocity. The second is the cosmological principle, which is based on the assumption of isotropy and homogeneity of the Universe, which is true approximately on large scales. Based on the presence of generic symmetries, the Universe can be described by using FLRW metric [68] [69] [70] [71] :
Here, a(t) is the scale factor with the cosmic time t, and the coordinates r, θ and φ are the comoving coordinates. A freely moving body comes to rest under these coordinates. The constant K characterizes the geometry of 3-dimensional space, where closed, flat and open universe correspond to K = +1, 0, −1, respectively. By inserting Eq. (3) into Eq. (1), we can get the two Friedmann equations:
Here, we have defined the Hubble parameter H ≡ȧ/a, which determines the expansion rate of the universe, and the dot represents the derivative with respect to the cosmic time t. For the late analysis, instead of G, the reduced Planck mass M p = 1/8πG is used . From the two Friedmann equations, Eqs. (4) and (5), we can get the continuity equation, which describes the conservation of the energy-momentum tensor:
The expansion rate of the universe may be, in principle, positive or negative; these correspond to expansion or contraction of the universe, respectively. In 1929, Hubble's astronomical observation showed that the universe is expanding [72] , and in 1998, Riess et al. and Perlmutter et al. discovered that the universe is expanding at an increasing rate [1, 2] . In a theoretical aspect, from the second Friedmann equation, we can see that the pressure p will affect the cosmic acceleration expansion. With the definition of the equation of state w in p = wρ, if w < −1/3, the universe will accelerate.
Dark energy
The energy density on the right-hand side of the two Friedmann equations includes all components present in the Universe, namely, radiation, baryon matter, dark matter, and dark energy:
where ρ (0) i and w i correspond to the present energy density and the equation of state of each component, respectively. By introducing the dimensionless density parameter Ω(t) = ρ(t)/ρ c (t) with the critical density ρ c (t) = 3M 
where H 0 and Ω 
where
, denote the present density parameter for each component: radiation, baryon matter, dark matter, spatial curvature and dark energy, respectively. Here the dark energy density function is defined from the continuity equation, Eq. (6), as
where w ≡ p DE /ρ DE is the equation of state of dark energy. With the total fraction of matter density Ω M = Ω b +Ω DM and the effective energy density of spatial curvature
2 , the most important quantity characterizing the properties of dark energy is the dark energy function X(z) [73] [74] [75] [76] [77] [78] .
In fitting the current observational data so far, the ΛCDM model, which is the simplest model with the equation of state w = −1, still gives the best performance, so this model is viewed as the standard model of physical cosmology. However, the standard model of cosmology has two cosmological constant problems [79, 80] 
so tiny? This poses the most severe naturalness problem in theoretical physics, which is the disagreement between the theoretical large value of the zero-point energy suggested by quantum field theory and the observed small values of the vacuum energy density. (2) Why now is ρ Λ ≈ ρ M ? While a cosmological constant is by definition time-independent, the matter energy density is diluted as a −3 as the Universe expands. This is called a coincidence problem. Despite many challenges of the past two decades to solve the problem of dark energy, unfortunately, the nature of dark energy still remains unresolved.
In fact, because the dark energy problem is essentially a matter of quantum gravity, only a full understanding of quantum gravity can solve this problem. Therefore, the holographic principle as the most fundamental principle of quantum gravity will surely play an important role in solving the dark energy problem. The holographic dark energy model based on the holograpic principle is likely to present a fundamental answer to this problem because this model is in good agreement with the current observational data.
III. HOLOGRAPHIC DARK ENERGY
Many dark energy models based on quantum field theory (QFT), such as the quintessence [3] , k-essence [7] , and phantom [11] models, exist. However, in these models, the zero-point energy of quantum fields given by
contributes to the cosmological constant about O(10 70 )GeV 4 for the UV cutoff Λ ∼ M P , where M P is the Planck mass. This value is O(10 120 ) times larger than the observational data. In short, the number of degrees of freedom of QFT is too large for dark energy to explain the observational data. This difficulty can be overcome when we consider the holographic principle by saying that the actual number of degrees of freedom of a region is proportional to its area not to its volume.
From this viewpoint, ρ Λ is a function of the square of the IR length scale L and the UV cutoff scale Λ. From dimensional analysis, we expect
The C 0 term is the problematic vacuum energy and the terms with C i (i ≥ 2) are negligible compared to the C 1 term. Hence, dark energy with
is a reasonable guess, which is further justified by Cohen et al. [28] who considered the fact that the quantum vacuum energy in a region of size L, O(L 3 Λ 4 ), cannot be larger than the black-hole mass of the same size, O(LM 2 P ); thus, we have
Saturating this bound, Eq. (13) again gives
. Therefore, imagining a holographic dark energy model with
where d is an O(1) parameter characterizing the equation of state, is natural. One can easily derive a useful relation from the Friedmann equation ρ = 3M
2 P H 2 :
which holds for a flat and dark energy dominated universe. A natural length scale for cosmology is the Hubble radius L = H −1 , and ρ Λ = 3d 2 M 2 P H 2 is a simple guess for holographic dark energy. Interestingly, the present Hubble parameter H = H 0 ∼ 10 −33 eV gives a holographic dark energy comparable to the observed value ρ ∼ 10 −10 eV 4 . The success of this simple estimate is quite remarkable. Compared to other models, holographic dark energy models do not need an ad hoc canceling mechanism or fine-tuning to solve the cosmological constant problem. However, Hsu [81] pointed out that the Friedmann equation ρ = 3M 2 P H 2 for Hubble radius requires holographic dark energy to behave like ordinary matter and does not give an expansion of the universe. Huang and Li [82] showed that if the future event horizon (R h ) is used for L, holographic dark energy of the form
can give an accelerating universe. Here,
Differentiating R h /a with respect to a gives the differential equation
which has a power-law solution
, which yields the dark energy density
which has an equation of state ω = −1/3 − 2/(3d). Thus, for d > 0, holographic dark energy gives an accelerating expansion of the Universe. If we include other matter, the equation of state at the present for holographic dark energy becomes [34, 82] 
and its change rate is [34, 83] 
where Ω 0 Λ is the density parameter of holographic dark energy at the present. Observational data for dark energy are usually given with a parametrization like w Λ (z) ≃ w 0 + w 1 (1 − R), where R is the scale factor of the Universe at the redshift z. For the fiducial value Ω 0 Λ = 0.688 and d = 1, Eqs. (20) and (21) give w 0 = −0.886 and w 1 = 0.229. If d = 1, w Λ (z) asymptotically approaches −1, and the Universe becomes a de Sitter-like universe. If d < 1, w Λ (z) will cross the w Λ (z) = −1 boundary, and holographic dark energy acts as a phantom dark energy with a big rip. If d > 1, w Λ (z) > 1 and holographic dark energy acts as quintessence. We can determine the value of d by using the current observational data, which favor d smaller than 1. For example, a combination of the Planck data, the baryon acoustic oscillation (BAO), and Type Ia supernovae (SN) yields a matter density parameter Ω m0 = 0.288 −0.068 [84] . Although the holographic dark energy model is in good agreement with current observational data, this model causes fundamental criticisms because it uses the future event horizon as an IR cut-off. These problems are summarized in three major problems. The first is the causality problem: the evolution of the Universe depends on the future information of the universe. The second is the circular logic problem: the future event horizon exists only in the accelerating Universe. The third is the non-locality problem: the equation of motion is non-local because the future event horizon is defined globally. It has been shown that these problems can be resolved by the action principle and an analysis of equations of motion [37, 38] .
IV. CAUSALITY OF THE HOLOGRAPHIC DARK ENERGY MODEL
In this section, the attempts to resolve these problems based on holographic dark energy itself rather than introducing other interactions are summarized in some detail. The distance to the future event horizon in a flat Robertson-Walker spacetime is given by
The equation of motion of the Universe in the presence of holographic dark energy is given by
where ρ Λ represents the energy density of the holographic dark energy in Eq. (16) and ρ nh represents the energy density of all other forms of matters satisfying local equations of motion. A major objection to the holographic dark energy model comes from the form of the holographic dark energy in Eq. (16) because it depends on the future evolution of the Universe as in Eq. (22) . Because of the future dependence, doubt arises that it may violate causality or has a circular logic problem because the future event horizon is defined globally [85] as in Eq. (22) . The problems can be summarized as follows:
• Causality problem: Assume that a creature who can modify the future event horizon exists. Because the equation of motion depends on the size to the future event horizon, if the horizon is modified, that may affect the present motion of the universe. This raises the problem of causality: "How can we expect the next state of the universe from our current data when we have no future knowledge?"
• Circular logic: Given the current data on the Universe, we cannot know whether the Universe will eventually be in the phase of accelerating expansion or not. The future event horizon is not determined until the Universe finishes its final evolution. Once holographic dark energy is introduced, on the other hand, the universe is destined to expand at an accelerating rate. If we do not know the present existence of the future event horizon, how can we use it? This constitutes the essence of the circular logic problem. How can we use an assumption (future event horizon) based on the accelerating expansion to explain the accelerating expansion. When we point out that holographic dark energy based on horizons other than the future event horizon does not give the accelerating expansion of the Universe, the problem becomes worse.
Various attempts have been made to overcome these shortcomings. In the Brans-Dicke theory of gravity, by adopting the Hubble scale as the IR cut-off instead of the future event horizon, Gong et al. [86, 87] developed the extended holographic dark energy model. A no-go theorem exists that the Hubble scale cannot be chosen as an IR cut-off for a Universe governed by the Brans-Dicke theory of gravity [86, 87] . However, given a potential term for the scalar field in the Brans-Dicke gravity, Liu et al. succeed to prove that the holographic dark energy can be generated with the Hubble horizon [88] . Many authors considered different IR cut-off scales, such as the Ricci curvature radius [89] or the age of the Universe [85, 90] . Other attempts [87, [91] [92] [93] use gravity action [37] , non-minimal coupling [87, 91] or the interaction between dark energy and dark matter [93] .
Properties of the future event horizon
Let us briefly summarize the properties of the future event horizon. In order to understand causality, even though co-moving time is intrinsic to a co-moving observer, co-moving time may not be the best parameter to describe time. Based on a conformal time measured from infinity,
the event horizon appears to be causal, as discussed by Li in Ref. 34 . Adopting that time, the flat Robertson-Walker metric takes the form
Now, the range of conformal time has a finite upper bound, for instance η ∈ (−∞, 0). Due to this finite upper limit, a light ray starting from the origin at time η cannot reach a certain distance arbitrarily, but has a horizon at r = −η. Now, the formula for the distance of the future event horizon, R h = a(η)|η|, appears to be causal. This justification, however, resorts to the existence of a peculiar conformal time, defined by the integral from the future infinity. Therefore, the circular reasoning problem remains unsolved. Second, the future event horizon is always located at outside the Hubble horizon ifṘ h > 0, as can be seen from the equation satisfied by the distance to the horizon,
as given in Ref. 94 . All observers in the universe will be surrounded by future event horizons, and access to remote information in the Universe will be limited to the horizon. The absence of this information is represented by a kind of entropy given by the horizon area in Planck unit; which is similar to the black hole entropy. Davies [95] and Pollock and Singh [96] proved the generalized second law of thermodynamics for the Robertson-Walker space time, which states that the total entropy of gravity and matter never increases through physical process. In a sense, Eq. (26) provides a clue to the resolution of the causality problem because this equation implies that the horizon satisfies a causal evolution equation even though horizon itself is defined globally.
Resolution of the causality problem based on the equation of motion
The circular logic problem is rooted in the assumption that the future accelerating expansion is a natural consequence because the holographic dark energy comes from the existence of the future event horizon. However, the universe may not be destined to expand at a rate that accelerates in the future, as shown in Ref. 38 , even though the energy density of the Universe depends on the future event horizon. This implies that the future accelerating expansion is not a natural consequence of the existence of a future event horizon. Therefore, a breakthrough must exist in the problem. The discussions in this subsection follows the work in Ref. 38 .
Let us specify the origin of the causality problem in the evolution equation, Eq. (23). Then, we isolate it as a boundary condition from a well-posed differential equation, which can be determined from initial data. Suppose that we have a creature that can modify the future event horizon, and someday in the future, he changes the horizon. Now, we can ask the following two questions:
1. Does this behavior modify the current evolution of the Universe in which the creature lives?
Does this behavior imply a violation of causality for us?
The answer to the first question must be "yes". The evolution equation justifies the statement that the modification of the horizon area actually changes the current evolution. However, this does not make the answer to the second question also "yes".
To answer the second question, we review the Eq. (23) carefully. We separate the future-dependent part from the true dynamics described by a well-posed second-order differential equation. By inserting the future event horizon into the holographic dark energy, we can rewrite the equation of motion, Eq. (23), as
where we assume d > 0. Note that the future-dependent part can be localized on the left-hand side of Eq. (27) . We can separate that part from the others by setting
dt/a(t) bears the future dependence of the equation of motion. When Eq. (27) is differentiated with respect to t, the term r ∞ disappears, and well-posed second-order differential equation is obtained:
Finally, we divide the evolution equation, Eq. (23), into two pieces; one is an evolution equation (28) and the other is the term that appears to contain future information, r ∞ . Note that the value r ∞ does not affect the evolution equation, Eq. (28) . Therefore, all evolution can be resolved from some initial information without any future information from Eq. (28) . Because the evolution of the Universe can be determined in the absence of r ∞ , solving the equations of motion, Eq. (28), reveals that the horizon can be determined from current information. In this sense, we do not need information about r ∞ to determine the distance to the event horizon. In fact, r ∞ is not always well defined. It is finite only when the scale factor behaves as a(t) ∼ t m (m < 1) for small a and as a(t) ∼ t n (n > 1) in the future. However, even if r ∞ is ill-defined, the evolution equation, Eq. (28), works well and reproduces the Einstein equation. If someone says that causality has been violated, he means that from the past data, something unexpected happens at present (due to the future action). However, as seen in Eq. (28), all future evolutions are predictable from the past data. If 'causality' is defined in this sense, then the answer to the second question is "No"; 'causality' is not violated for us. Now, let us discuss the role of r ∞ . Even though r ∞ is defined by the integral over time, we may also obtain its value by using the limit
Therefore, rather than integrating over the whole evolution, the limit to obtain r ∞ may simply be taken. From this point of view, the value r ∞ plays the role of an initial boundary condition rather than a constant dependent on the future. Summarizing, if a creature modifies the future event horizon, that simply means that he manages to change the initial condition given as r ∞ or the boundary condition. In that case, the creature may move from one universe to another universe (multi-universe theory). On the other hand, an observer in a universe may not recognize the change in the initial condition because he/she has been living in the modified universe. Rather, the observer will see a universe that follows the evolution equation, Eq. (28), with a modified initial condition from the beginning. Thus, in the point of view of the observer, causality is not violated. The circular logic problem arises from ignorance about the future event horizon. However, the cosmic horizon has a topological form and cannot be created or removed by any classical means. The absence or existence of the future event horizon can be determined from the beginning of the Universe. Thus, the cosmological solutions are divided into two classes: the universe with/without a future event horizon. How can we find out where we are living in the two classes? In the previous calculations, the evolution of the Universe was determined from the sum of a second-order differential equation, Eq. (28), and a boundary condition, Eq. (29) . Given the present data on the Universe, one may trace the Universe backward to identify the initial value of r ∞ . In doing so, future information need not be known. Even if r ∞ is not known, the future can be predicted from the evolution equation, Eq. (28), because it is a well-posed differential equation. Therefore, in principle, we may be able to recognize where we live of the two classes, if the present data on the Universe are known in detail. The logic so far only holds when the assumptions about the homogeneity of the universe are valid in the Universe because we predict the future evolution on the basis of that logic. Until we have more accurate data on the present universe, including dark matter and geometry, we cannot tell whether we are living in a universe with a future event horizon or without one. However, the use of Eq. (23) for the evolution at the next moment can be justified because the whole evolution of the Universe is governed by a well-posed differential equation, Eq. (28), and the future evolution of the Universe is only related to the boundary condition r ∞ , which can be given at the beginning of the Universe.
Action approach to the causality problem
In the previous section, we dealt with the causality problem by analyzing the equation of motion. However, if one wants to explain holographic dark energy based on fundamental physics, it should be described by an action, which we do not know as of yet. In Ref. 37 , by considering the Robertson-Walker metric,
Li and Miao proposed an action for the holographic dark energy with the following form:
where R is the Ricci scalar, √ −g = N a 3 , N 2 = −g tt is the lapse function of the metric, and S M denotes the action of all matter fields. Note also that λ(t) plays the role of a Lagrange multiplier constraining the dynamics of L(t).
With the redefintion of N dt as dt, the equation of motion derived from the action becomes
The auxiliary fields behave as
where we assume λ(0) = 0 and L(∞) = 0 for the solution in the work. Note that λ < 0 for large enough time (d > 0). When the matter effect is ignorable, Eq. (32) predicts an accelerating expansion. Specifically for a holographic-darkenergy-dominated universe with d < 1, the explicit solution for the Universe predicts a big rip universe:
where the time ends at t = 0. The model was analyzed again in the literature [97] and the results were compared to the observational data in Ref. 98 . However, the model needs to be revised because it is given as an effective action only on the comoving time t, and the metric component a(t) appears explicitly on the action. To be well-behaving, the action should keep symmetries such as scale invariance and invariance under general coordinate transformations. The action in Eq. (31) , is unsatisfactory in this respect. An action, including a tachyonic scalar field, was considered in Ref. 99 to overcome this problem.
Other approaches
Other approaches have tried to avoid the causality problem of holographic dark energy. Here, we summarize them in their simplest forms. For example, Nojiri and Odintsov [89] introduced a 1/R-like term to the action as an IR behavior at small curvature. The correction term will be non-negligible when the curvature is small, such as in the present Universe. In a similar spirit, Gao et al. [100] introduced an energy density proportional to the Ricci scalar curvature, ρ Λ ∝ R.
An interesting model for the agegraphic dark energy model was also developed by Cai [85] . The model applies the Heisenberg uncertainty principle to the age of the Universe to determine the limit of the distance accuracy, δt = λt 2/3 p t 1/3 , where λ is a dimensionless constant on the order of unity and t p is the Planck time. The quantum uncertainty principle between time and energy present an energy density of metric fluctuations of Minkowski spacetime of the form ρ q ∝ m 2 p /t 2 . Choosing the time scale t as the age of the Universe, we may find an energy density, which is similar to that of holographic dark energy.
On the whole, the causality problem of holographic dark energy is resolved at the equation-of-motion level. However, at the fundamental level of action, the resolution was done only partly, so additional work is necessary. Therefore, explaining the microscopic origin of dark energy is desirable. One of the explanations is based on entanglement, which is to be reviewed in Section V.
V. ENTANGLEMENT AND DARK ENERGY
In this section, we review the idea that holographic dark energy is from a quantum entanglement of the quantum field vacuum of the Universe. In this model, dark energy is identified as a thermal energy (entanglement energy) associated with the entanglement entropy S ent of the Universe, and its microscopic origin is suggested.
Quantum entanglement is a kind of quantum nonlocal correlation that quantum states can have. A good measure of entanglement for pure states is S ent . Let us consider a bipartite system with subsystems A and B, which has a density matrix ρ AB . Then, S ent is given by S ent = −T r(ρ A lnρ A ) for a reduced density matrix ρ A ≡ T r B ρ AB . An interesting fact is that the quantum vacuum of fields in the Universe has natural entanglement due to the ReehSchlieder theorem [101, 102] . For example, we consider a Hamiltonian for the massless scalar field φ in the Minkowski spacetime [103] 
where π(x) is the momentum of the field. We can divide the space into two parts: one inside (A) and the other outside (B) a spherical region like a cosmic horizon. Discretization of a radial coordinate with a UV cut-off gives an effective Hamiltonian for discretized field oscillators [103] . Then, one finds that the leading term in entanglement entropy between A and B is proportional to the area of the boundary between the two subsystems. We expect this area law to hold for a more general space-time. Therefore, S ent for a spherical region with a radius r can be expressed as
where β is a constant depending on the fields, and b is the UV cutoff. S ent in this form is consistent with the holographic principle. Numerical calculations gives a value β ≃ 0.3 for a massless field [103, 104] . We need to add up the contributions from other j fields with constants β = β j and spin degrees of freedom N j [104] . Therefore, we expect
where the Planck length is l P = √ G in c = = 1 unit. Choosing the UV cut-off, b = 1/M P , gives
Bianchi showed [105] that a variation of S ent is equal to a variation of the Bekenstein-Hawking entropy
If we identify S ent with S BH , then α = π. What is the relation between S ent and holographic dark energy? In Ref. 56 , the entanglement first law
was first derived and was shown to be equivalent to the Einstein equation, where dE ent is the variation of entanglement energy associated with the local Rindler horizon as shown in Fig. 1 , where k B is the Boltzmann constant and T ent is the horizon temperature. We assume that the first law holds at a cosmic horizon. In Ref. 50 , we suggested the entanglement energy E ent associated with the future cosmic event horizon is holographic dark energy. (There are similar suggestions based on the Verlinde's idea [106] [107] [108] [109] .) Integrating dE ent on the spherical surface Σ of the event horizon we obtain
where T ent = 1/2πk B R h is the Gibbons-Hawking temperature of the horizon. The entanglement energy density within R h is given by
For an observer at O the space inside the cosmic event horizon with radius R h can be divided into two subspaces, one inside (A) and the other outside (B) the spherical horizon. The horizon surface Σ has the entanglement entropy Sent ∝ R h 2 and entanglement energy Eent ≡ Σ TentdSent, which can be dark energy.
From the holographic dark energy (16), we can obtain the holographic dark energy parameter If we use approximate values for the parameters for field j, β j ≃ 0.3 and j N j = 118, in the standard model of particle physics, we obtain d = 0.67, which is similar to the observed data d = 0.768
+0.112
−0.068 [84] . In Fig. 2 , the star and the circle indicate the theoretical predictions with d = 1 and d = 0.67, respectively. Our model provides a way to derive d and ω Λ in an ab initio manner for the first time. However, the above estimate is based on a flat space-time calculation. In a future work, we need to study quantum entanglement in an expanding universe.
What is the modern version of the entanglement first law? The reduced density matrix can be represented by a modular Hamiltonian H A as ρ A = e −HA /Z, where Z is the partition function. Then, the variation of entanglement across the boundary is δS ent = −tr(δρ A log(ρ A )) − tr(ρ A ρ A −1 δρ A ) (44) = tr(δρ A H A ) = δ H A .
Usually, ρ A is not a thermal state, but in locally flat space-time, ρ A looks like a thermal state. We expect this first law to hold for a cosmic horizon with Hawking radiation.
VI. CONCLUSIONS
The problem of identifying the dark energy that explains the cosmic acceleration expansion found in 1998 has become the biggest issue of modern cosmology and theoretical physics. In essence, the problem of dark energy is a matter of quantum gravity. Therefore, holographic principles as a fundamental principle of quantum gravity will play a very essential role in solving the problem of dark energy.
In this review paper, a holographic dark energy model based on the holographic principle was introduced to analyze the dark energy dynamics. In this model, the IR cut-off of the UV/IR mixing in the holographic principle suitable for the accelerating expansion of the universe is the size of the horizon of the future event, which enters into the formula of the holographic dark energy density. The analysis of the equation of state in this model shows that the case of the constant parameter with d 1 is favored for the current observational data.
Causality problems and circular logic problems about the holographic dark energy model can be resolved with the action principle and the initial condition of the equations of motion. Two auxiliary fields, which are introduced from the action principle, make all equations of motion local. The use of the event horizon as the current cut-off is automatically determined from the equation of motion; therefore, the evolution of the universe is determined by the present initial condition. However, because the action introduced in Ref. 37 does not have the covariant form with full symmetry, it still remains unsatisfactory.
Jacobson's idea linking gravity with thermodynamics requires a microscopic degree of freedom. Quantum entanglement of the quantum field vacuum in curved space-time is a natural candidate for the microscopic degrees of freedom for the thermodynamic version of gravity. If we extend this idea to the dark energy problem, we can easily arrive at the holographic dark energy model associated with an entanglement of cosmic horizons. Interestingly, a rough estimate in this model gives a holographic dark energy comparable to the current observational data. Additionally, that the holographic dark energy model associated with an entanglement of cosmic horizons provides a theoretical basis for the calculation of dark energy parameter d is worth emphasizing. However, to get the exact equation of state we still need more precise calculations for the entanglement in curved space-time.
